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Nomenclature
= heat capacity, Btu/lb°R
= heat-transfer coefficient, Btu/ft2-sec°R
= enthalpy, Btu/lb
= thermal conductivity, Btu/ft-sec °R
= boundary-layer dimension in integral method = d

when d — dT = 5;, ft
= length of vertical plate, ft
= momentum boundary-layer thickness, ft
= thermal boundary-layer thickness, ft
= concentration boundary-layer thickness, ft
= mass flux, Ib/ft2-sec
= boundary-layer velocity, fps
= velocity outside boundary layer of comparable forced-

convective flow, fps
= viscosity, Ib/ft-sec
= T - (T), °R
= Tw - (T), °R
= shear stress, Ib/ft-sec
= heat flux, Btu/ft2-sec
= temperature, °R
= mass fraction of component A, dimensionless
= XA — (XA), dimensionless
= XAO — (XA), dimensionless
=• n/p = kinematic viscosity, ft2/sec

density, lb/ft3

Npr =

= g(&) 0w
z*/vz = Grashof number

= g(£) tozS/v2 = mass-transfer Grashof number
— Q(&) QwL*/v^ = average Grashof number

^oLS/v2 = average mass-transfer Grashof number
/k = Prandtl number
AB = Schmidt number

Subscripts
0 = at interface
{ ) = average
w = wall

FREE convection in a fluid arises because of instabilities
caused by density differences within the fluid. For a

single-component or constant-composition fluid, density
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varies inversely with temperature. In a system of varying
composition, however, density is a function of composition,
as well as temperature. A variation in composition within
the fluid then will either enhance or retard free convection.

With the use of von Karman's integral methods, Eckert
and Jackson1 and Eckert and Drake2 obtained expressions
for the heat-transfer coefficient for a vertical plate in a con-
stant-composition fluid with turbulent and laminar boundary
layers, respectively. For turbulent boundary layers, em-
pirical expressions from forced convection were used for wall
shear stress, heat flux, velocity, and temperature profiles.

The purpose of this note is to carry out an extension of the
analysis by Eckert et al.1-2 on a vertical plate for the case of
a variable concentration in a binary-component fluid. An
approximate method of steady-state solution for a situation
such as this is that of von Karman and Pohlhausen. In this
integral method, an element of fluid is chosen differentially
small in one dimension and of finite length in the other (Fig.
1). Finite length I, as a limit on the integral, is chosen as
the largest of the three boundary-layer thickness (hydro-
dynamic, thermal, and concentration) so that, here, free-
stream conditions prevail.

Total mass, energy, and z-directed momentum balances
may be given as

= 0

?„ = Nv=l(H) + NJHdy

(1)

(2)

and

dz = g(P)dz - (T)') dy

where the equation of state is formed by making a double
Taylor series of density in temperature and concentration.3

Thus

(T - (T))P =

To obtain solutions of these equations, functional forms of
the dependent variables (u, T, and XA) must be known or
assumed.

Turbulent Free Convection

The forms of the temperature and velocity profiles for
turbulent free convection have been determined by experi-
ment and are given by Eckert1 as

and

M* /
Wall/

= Ow[l -

+dz

(4)

(5)

T

Fig. 1 Boundary-layer element.
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where d « §T « S; (which is true for Arpr ~ 2Vsc ~ 1). As-
suming no mass flux through the vertical wall, and since
concentration differences in the y direction will be induced
by the flow, it seems reasonable to assume a form for con-
centration variation in the y direction similar to that for
velocity. Therefore

Substitution of Eq. (1) into Eq. (2) for Ny=i, CP((T) -
TO) for ((H) — HO), and (p)u for Nz gives the following for
Eq. (2):

Shearing stress on the wall in turbulent free convection is
given empirically1 by

TW = 0.0225 , (8)
Writing the Reynolds analogy between turbulent exchange
of momentum and heat in finite-difference form at the wall
°:ives

qw/rw = Cp(0v/Ul)

Substitution for rw from Eq. (8) yields

qw = 0.0

(9)

where NpT~~21* is an empirical correction, which holds for
0.5 < NPr < 50.!

Introducing Eqs. (8) and (10) into the energy and momen-
tum equations [Eqs. (3) and (7) ] and evaluating the integrals,
one obtains

= 0.125 + 0.1463 ^0<£}5 -
0.0225 uiz(v/u18)11* (11)

and
= 0.0225 (12)

These total differential equations must be solved for u\ and
d as functions of z. Introducing ui = Ci zm and d = C?zn

y
these equations may be solved in the manner of Eckert1 to
give

0.565 z Npr~8/15(l + 0.494 NPr
2l*)lllo

d =

and

Ul =

(NQr + 1.17

Gr + 1.17 NGrAB)llz/(l + 0.494
To determine the expression for heat flux at the wall, substi-

tution of these expressions for u\ and d into Eq. (10) gives

qw =
1.17 NGrAB

(1 + 0.494

The Nusselt number, a dimensionless surface energy flux, is
defined as
NNuL = hz/k = qwz/dwk = 0.0295 AV/15 X

(NGr + 1.17 NGrAB)*i*/(l + 0.494 Apr
2/3)2'5

To find the average Nusselt number JVNu for a vertical plate
of length L, it is necessary to integrate over L

The average turbulent heat-transfer coefficient for a vertical
wall of length L is then

0.0246 k/L G<L + 1.17 NQtABL)
(1 -f 0.494 (16)

which reduces to the proper expression when there are no
concentration differences (i.e., NGrABL = 0).

Laminar Free Convection

In the laminar case, profiles of the dependent variables
are of a different form. Profiles for velocity and temperature
in laminar free convection are given by Eckert2 as

u = ui(y/d)[l — (y/d) ]2 (14)

and

Assume a form for concentration variation in the y direction
similar to that for velocity:

From Fourier's law

from Eq. (15), and shearing stress on the wall TW, in laminar
flow, is given by

from Eq. (14). Introducing these laminar flow expressions
for TW and qw into the energy and momentum equations
[Eqs. (7) and (3)] and evaluating the integrals, one obtains
total differential equations for u\ and d in terms of z.

Proceeding as in the turbulent case, the expression for
the heat flux at the wall in laminar flow is obtained as

qw =
2 ko(dw/d) = 0.508 A/V

(0.952

and, defining Nusselt number as a dimensionless surface
energy flux, one obtains

A^NU3 = hz/k = qw z/6wk0 =
0.508 NPr

1/2 (NGr + 0.25 Acr^)1/4/(0.952 + NPr)1/4

The average Nusselt number is then given as

- JQ NNuz dz = -

The average laminar flow heat-transfer coefficient for a verti-
cal wall of length L is then

0.508 0.25
(0.952 + A^pJ1/4

which reduces to the proper expression in the absence of con-
centration differences (i.e., NGTABL = 0).

Conclusions

The use of integral methods indicates that the effect of a
variable composition on laminar and turbulent heat-transfer
coefficients can be accounted for by inclusion of a mass-
transfer Grashof number. A logical question is raised as to
the assumption of the concentration variation through the
boundary layer. Integral solutions are known to be fairly
insensitive to the profiles chosen and to give correct powers
on dimensionless groupings. Coefficients are, however, a
function of the profile chosen. To check the validity of
Eqs. (6) and (16) and the resultant coefficients on NGrABL, an
experimental investigation of this system is planned.
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